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Spin-Peierls (SP) model is an important 1-D model for magnetic systems. 
It describes the lattice instability of a regular antiferromagnetic (AF) chain 
towards a dimerized spin-singlet ground state at low temperatures. The insta-
bility is resulted from the coupling between the magnetic moments and 3-D 
phonons. It has been studied for nearly half century. 
This subject draws lots of attention again recently due to the discovery of 
the first inorganic SP material CuGeOs few years ago. The inorganic nature 
of CuGe〇3 allows doping of impurities in a controlled fashion and so gives the 
first opportunity to study doped SP system. There are mainly two kinds of 
doping. One is to change the spin of some sites, and the other is to change 
some coupling between two adjacent sites (bond impurities). Both kinds of 
doping have the following properties. The SP state is suppressed, and the 
Ned state is enhanced. 
In this thesis, we first give a historical review of the developments in the 
theory of SP model, and design a bond impurity model and try to solve it 
by Bosonization technique, to see whether i t can explain the experimental 
results. We find that our results agree with the experimental results under 
some conditions. We also have some discussions on our formalism. 
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Spin-Peierls (SP) model is an important 1-D model. I t descibes the lattice 
instability of a regular antiferromagnetic (AF) chain towards a dimcrized spin-
singlct gound state at low tcmporaturos. The instability is driven by the 
coupling between the magnetic moments and 3-D phonons. The case of spin 
half {S = 1/2) AF Hoisenberg chain is of particular interest because it has 
most common application. 
This subject has been studied over half a century. I t has drawn lots of 
attention again recently since the discovery of the first inorganic SP compound 
CuGeOs [1]. The inorganic nature of CuGeOs allows doping of impurities in a 
controlled fashion, and gives the first opportunity to study doped SP system 
experimentally. 
In early days SP problem was studied by the Hartree-Fock approximation 
and random phase approximation (RPA), which are mean field approxima-
tions. However results were unsatisfatory, in particular a non-zero transition 
temperature Tsp is predicted [2], This is impossible for a theorectical strictly 
1-D system, although the predicted Tsp is with the same order of magnitute 
that detected experimentally. The error is believed to be raised from the ig-
noring of quantum fluctuation effects, which should be important in a strictly 
1-D model. Pytte [2, 3] suggested that since the AF chains couple to 3-D 
phonons, quantum fluctuation effects should be much lower in this case and 
1 
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the calculated Tsp is reliable in some sense. 
In order to see the effect of quantum fluctuations, Cross and Fisher [4 
applied the newly developed Bosonization technique to the SP model. I t is 
generally believed that this technique has marked improvement in accounting 
for quantum fluctuation terms. Cross and Fisher found that it gives the en-
ergy difference between dimerized and undimerized states more accurate than 
that given by mean field approximations. Nakano and Fukuyama [5] later ex-
pended this technique to write a SP Hamiltonian into the form of sine-Gordan 
equation, which is well studied and so people know how to tackle it. By the 
sine-Gordan equation Nakano and Fukuyama correctly evaluated the shape 
of lattice when a soliton exists (existence of solitons is a kind of excitation). 
Therefore we make use of this sine-Gordan equation to study impurity effects 
oil SP model. 
There are two kinds of doping. One is to change some S = 1/2 parti-
des along the AF chain into S = 0 [6, 7, 8, 9], 5 = 1 [10] or 5 = 3/2 [11 
ones. The other is to change some couplings between two adjacent sites (bond 
impurities)[12]. We are going to study the latter case. Experiments in CuGeOs 
showed a decrease in Tsp for all kinds of doping. A new phase with antiferro-
magnetic long range order (AF-LRO) is developed with transition temperature 
TN < Tsp. 
This thesis is organized as follows. Chapter 2 gives how comes the idea of 
a SP model and some general features about it. More detailed description of 
CuGe03 is also given in this chapter. Chapter 3 introduces mean field treat-
ment of the SP system. Chapter 4 goes through the process of Bosonization 
and its application in SP model in detail. In Chapter 5 we evaluate the ef-
fect of bond impurities following the procedure in Chapter 4. Chapter 6 is a 
summary and conclusions. 
Chapter 2 
Peierls Transition 
2.1 The Start of the Idea 
This can be traced back to the work of Peierls [13] in 1955. Peierls showed 
that a 1-D metallic lattice wi th uniformly spaced ions and partly filled band 
is not stable at low temperatures. Assume that we now have a 1-D regular 
chain，and the distance between two adjacent ions is a, say, 
Figure 2.1: A 1-D regular chain 
Suppose all ions are identical. The potential set up by each individual ion is 
？;(r - Ri), where Ri is the position of the lib. ion. Ri = la for a uniform lattice. 
Then an electron within this lattice feels a potential V{r) = — Ri). 
Its energy spectrum E(k), where k is a wave vector in the momentum space, 
may look like a typical conduction band of a 1-D metal (Fig. 2.2 ), under the 
assumption of a metal that V{r) is weak enough: 
3 
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Figure 2.2: A typical conduction band of a 1-D metal 
Now suppose we move every r th ion by a small amount in the same direc-
tion. The 1st Bril louin zone is immediately reduced by 1/r . The solid lines of 
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Figure 2.3: Distorted conduction band of r = 3 
Note the newly formed vertical breaks at the new 1st Bril louin zone boiind-
aries. They are resulted from the potential change SV set up by the lattice 
distortion, provided that (5K / 0 is weak, too. 
I f one of the breaks coincides exactly or nearly exact with the Fermi surface 
kp, and the temperature T is low enough such that electrons cannot jump over 
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the energy gap, then there is a net reduction of energy of the system after the 
distortion. This implies that, for a partly filled (by any number of electrons) 
1-D metal, a distorted structure is always more stable than the regular one at 
low T, since one can always find a distortion with suitable r for which a break 
wil l occur at or near kp. There should be a critical temperature Tp such that 
a 1-D chain transits from a regular structure to a distorted one. This is known 
as the Peierls transition. The resulting gap at the Fermi surface means that 
the material becomes a semiconductor. 
In particular if an 1-D metal is half filled, due to the fact that the reduction 
of energy is greatest when r is smallest, we should have r=2. In other words, 
the lattice dimerizes. We would like to concentrate on the half-filled cases in the 
following discussion, as most of the investigations did so. We write distortion, 
Peierls transition etc. to mean the lattice dinierizatiori, and k? = 7r/2a without 
specifying. 
Two questions arise: What is the effect of Peierls transition on a system? 
Intersite interactions may depend on the separations between sites. And, be-
sides the electric energy discussed by Peierls, which parts of a system favors 
this instability? For instance, the elastic potential energy within two adjacent 
ions does not do so. We wil l come to these two questions later. But before 
this，let's have a look on Peierls transition in terms of the second quantization. 
2.2 Peierls Transition in Second Quantization 
Representation 
In a tight-binding model, the Hamiltonian of a 1-D metallic chain is given by 
= + a/a,+i) (2.1) 
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where xi = Ri+i -Ri-a is the distortion from uniformity of the bond between 
the Ith ion and I + 1th ion. a} and a, are electron creation and destruction 
operators at site I respectively, and satisfy usual fermion anti-commutation 
rules. When there is no distortion, i.e. xi = 0, = Je(0) cos{ka) and H^ = 
E a � ^kalak. 
Je is known as the exchange integral and is usually negative for a metallic 
chain. is proportional to the probability for an electron jumping 
from a site I to the site / + 1 and it depends on the form of V(r) only. From 
the discussion in the previous section, we know that Peierls transition occurs 
for all kinds of weak V(r) and weak 6V{r) + 0 for a partly filled band. But 
this does not mean that Peierls transition occurs for any form of J^ixi) too. 
For instance, suppose Je(xi) 二 Je(—a：,), (i.e. Je(xi) is an even function). Then 
when dimerization occurs and x,, = (—1)'"，the energy spectrum of H^ is just 
replaced by Ck = Je(r)) cos ka. T h a t is, dimerization does not induce energy 
gap at k = kp. 
2.3 Effect of Peierls Transition on an Antifer-
romagnetic Chain 
McConnell and co-workers [14] seem to be the first (1962) to think about the 
effect of dimerization on an AF Heisenberg chain of spin 5 = 1/2, 
Hs = '力 S〖.S/+1 
I 
( 牙 + S f S l , + 对57+1) (2.2) 
= 5 (牙 s「+i + s r 仗 1) + 呢】] 
I 丄 
where and S\ are spin operators defined as usual, for i = x,y,z,-h, at 
site I. For an AF chain Ji > 0. McConnell et al. suggested that a strongly 
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dimerized chain may be approximated by isolated pairs, in which the ground 
state is formed with the total spin within each pair = 0: 
- o - o — — — — C M > 
Y 
- O O - - - ^ X ) - - - C M > 
Y 
O O O ^ C X ) 
C = 0 
Figure 2.4: A strongly dimerized chain may be approximated by isolated pairs. 
Let A be the energy gap between the singlet ground state and the triplet 
excited states. For T being small compared to A , finite external magnetic 
field B is needed to magnetize the system. This leads to a zero magnetic 
susceptibility x = lim^-^o dM/dB = 0，where M = (number of sites wi th spin 
up - number of sites with spin down) is the magnetization of the system. So 
if Peierls transition really occurs, wi th its transition temperature Tp smaller 
than A , a sharp decrease in x should be observed. 
Quantitative studies on the uniform and alternating 1-D AF chains later 
give more accurate theoretical explanations. Consider the following system: 
Figure 2.5: A 1-D alternating chain 
I t is described by the Hamiltonian 
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Hs 二 X](人S 2 /. S2/-1 + JbS2i . S2/+1) (2.3) 
I 
with Ja, Jb > 0. Define o； = ^ where a < = 1. So a = 1 is the uniform chain 
and a < 1 is the alternating chain. Fig. 2.6 shows the shape of x against 
T, calculated by Bulaevskii [15，16] in the Hartree-Fock approximation. I t is 
quite surprising that x vanishes at T = 0 even for a close to 1. Actually it 
is found that the approximated picture proposed by McConnell et al. is not 
only true for strongly dimerized chain. A weakly dimerized chain also consists 
of regular array of singlet pairs, stabilized by the dimerized lattice distortion 
17，18:. 
I I ^ 1 1 
% -卜叫 、 
/ a=0 
0 ^ 1 1 I 1 I 
0 T 
Figure 2.6: Susceptibilities against temperature of various a 
We may also have a glance on the spectra of excited states for both a = \ 
and « < 1 cases. They are shown schematically in the following figures [19]: 
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m E{k) 
-7t/a n/a -K/2a K/2a 
Figure 2.7: E{k) of a = I Figure 2.8: E(k) of a < 1 
The ground states of the AF chains in both cases correspond to〈5"侦〉=0 
and the first excitation energy spectra E(k) correspond to〈5^ 侦〉二 1’ where 
S^"^ is the total spin of the system. For a uniform chain long enough E{k) oc 
I sin A;I. The lowest spin-wave excitation is degenerate with the ground state. 
For an alternating chain, an excitation gap always exists. At absolute zero, 
therefore, we find zero susceptibility for a <1. For a uniform chain, however, 
the degeneracy implies a finite density of low-lying excited states arbitrarily 
close to the ground state, and correspondingly a nonzero susceptibility. 
2.4 Evidence of Spin-Peierls Transition 
Chesmit [20] may be the first one (1966) interested in whether dimerization 
is able to be driven by the magnetic part of a system only. He considered a 
distance-dependent spin coupling in an AF chain with elastic lattice: 
H = Hs-\- Heia (2.4) 
where Hg is an XYZ AF chain: 
Hs = H i + H , (2.5) 
with 
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Jii^i) and Jz(xi) are the corresponding exchange integrals between site I and 
/ + 1. The xi dependence of the spin coupling is up to the linear term here: 
M x i ) =Jx(0) + + …《 J i + J l ^ 
a (2.7) 
JzM =JM + + … a + J卢 
oxi a 
To simplify the calculation, Chesnut added a restriction x i /a = ( - 1 ) ' " for 
some T]. That is, only alternating lattice distortion was considered. 
Heia represents the elastic energy between sites given by 
= (2.8) 
I (上 
for some constant K. Therefore the elastic constant between two adjacent sites 
is 2K/a^. 
Chesimt found that dimerizatioii does occur by mean-field calculations, in 
the cases of J^ = J^ = 0 and J\ = J] = J (Heisenberg model), and J丄(a:,) = 0 
and J^{xi) + 0 (Ising model). People name a Peierls dimerization driven by 
the magnetic part of an AF chain as the spin-Peierh (SP) transition later, to 
distinguish i t from that driven by the electric energy and some other things. 
Note that the lattice distortion energy given by the Eq.(2.8) increases as 
计.But the spin-lattice system stil l lowers its energy by distortion, since the 
actual ground-state free energy of an AF chain near the uniform l imit (rj = 0) 
goes like rf In^ r] and T^^inr; in the Heisenberg [21, 2] and XY [22, 23] cases 
respectively, calculated in Hartree-Fock approximations. 
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To distinguish the SP transition from other Peierls transitions, one way is 
to check how the transition temperature T。depends on B. The relationship 
between the SP transition temperature Tsp and B had been studied by Bu-
laevskii, Buzdin and Khomskii (BBK) [24] in the Hartree-Fock approximation 
and later by Cross [25] in the Bosonization treatment. When B < ^r5p(0), 
Tsp(B) is given by: 
1 TSP(B) 肿 B )2 
Tsp{0) (丄… 
where hb is the Bohr magneton and ks is the Boltzmann constant. Experi-
mentally found Tc is put into Tsp on the LHS of Eq.(2.9) to obtain 7 which 
is then compared wi th the values calculated by BBK and Cross. In all SP 
samples known so far their calculated 7 agree well wi th the theoretical values 
when B is weak. 
2.5 Materials with Spin-Peierls Transition 
Examples of a SP system include organic compounds TTF-CuBDT, T T F -
A u B D T [19, 26] and MEM-(TCNQ )2 [27], and an inorganic compound CuGeOa 
1:. 
Although the concept of the SP transition has been developed for decades, 
only a few materials were observed to undergo SP transition. Many proposed 
materials became failed to show this transition when closer studies were done. 
One typical failed example is Wiirster's blue pcrchloratc, which stimulated 
Chesmit [20] to study the instability of a system of magnetic chains against 
dimerization. This material has a first order transition 7； at 190 K [28，29]. Its 
magnetic susceptibility had been analyzed [30] as that of a regular Heiseiiberg 
AF chain above 7； and of a strongly dimerized chain below [28], [29]. However, 
a more detailed study on its crystal-structure showed that the CIO4" groups 
are disordered (rotating) at room temperature and lose most of that disorder 
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at low temperature. This compound is therefore generally believed not to be 
an example of a spin-Peierls material. The transition results from a crystal 
structure instability in which the magnetic system plays no important role. 
CuGeOa is the first inorganic material with the SP transition [1]. I t has 
been discovered for a few years only and draws lots of attention. This is because 
it is difficult to find 1-D chain magnets that can be doped without large changes 
in their symmetry and magnetic interactions. Although doping in magnetic 
chains is with current interest, only l itt le experimental work is available. The 
effect of doping has not been investigated in organic SP systems bccause of 
the low solvability of dopants. But the inorganic nature of CuGeOa allows 
different spin substitution. Thus this material gives the first chance to study 
the doping effect in a 1-D magnetic chain. 
CuGeOs is a crystal which is transparent with light-blue color and insulat-
ing. Only Cu2+ is magnetic (S = D . The structure is orthorhombic [31] with 
a Cii-Cii distance of 4.793, 4.251, and 2.942 A along the a, b, and c axes, 
respectively. Thus the distance between nearest neighbor Cu2+ ions along the 
c direction is much shorter than that between next nearest ones along the a 
and b directions. Adjacent Cu^^ ions in the c direction are coupled through 
two 02- ions The Cn02 chains are further separated by Ge-0 chains. Consid-
ering all these features scientists expect a 1-D AF interaction between spins 
on adjacent Cu2+ ions in the c direction. 
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I I 
C / I 1 I .—、、 Inside the primitive cell 
今 、、、、^^ Atoms Positions 
\ 1 X - / OCu ( " … ） 
一 ） 
\ . . . J i • G ( 一 , 0) 
\ //X I ( - • 聊 ， 0 ) 
l ^ S s ^ l 一 一 一 ( 0 . 2 8 1 3 , 0.0838, 1/2) 
^ ^ ^ S w \ \ P (0.2813’ 0.4162. 1/2) 
{0.7187, 0.4838, 1/2) 
^ S V ^ N / {0.7187. 0.0162, 1/2) 
b Outside the primitive cell 
O Cu Q Ge «• O 
Figure 2.9: Structure of CuGeOg without dimerization (not in scale). Note that c 
should be shortest. 
CuGe03 was found to be with a second-order phase transition temperature 
Tsp ^ l ^ K [1], The structure of the distorted lattice was investigated by 
neutron-diffraction measurements [32] and is shown in the following figure: 
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Figure 2.10: Schematic representation of the low-temperature structure for CuGeOa 
in the spin-Peierls state (not in scale). The rectangles show the unit cell for the 
high-temperature structure. The cell becomes doubled in a and c directions below 
Tsp. Arrows and signs indicate the directions of displacements. For clarity, atomic 
displacements are drawn much larger than in reality. 
However, more detailed studies showed that the model given by Eq.(2.4) 
to (2.8) is to describe CuGeOs. An extra term, the frustration term Hf = 
TdPSi • S,+2，should be added [33]. This term helps SP transition to occur 
at P 。 0 . 2 [34] in CiiGeOa and oven can drive the SP transition for J{xi) 
without coupling to phonons in the case of 0 > s 0.241. To get the correct 
value of (3, the interchain coupling in b direction, which is approximately one 
tenth of the coupling along the c axis, should be considered [34]. However, for 
simplicity, these two terms wil l not be encountered here. 
Chapter 3 
Mean Field Calculations 
3.1 Jordan-Wigner Transformation 
To study the SP transition, we need to tackle with spin operators, which obey 
the mixed set of commutation-anticommutation rules 
{SLS-} = 1 (3.1) 
where m, n are numbering of sites. The paxt-boson, part-fermiori nature of 
these rules is a principal source of difficulty, because no simple linear transfor-
mation among the S+'s and S-,s, such as would be required to diagonalize a 
quadratic form, leaves these rules invariant. Thus people introduced fermion 




So a's and a^'s satisfy the fermion anticommiitation relations. Then 
15 
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a\ai = S+Sf, (3.3) 
and the inverse transformation is simply 
i-i 
Sf = [cxp(-7rz y ^ a\aj)]ai 
i-i 
This is known as the Jordan-Wigrier transformation [35 . 
Although apparently rather complicated, for the operators of importance 
in a SP transition the transformation is very simple: 
^i^^r+i = a fa^ i , = + + ' 1 (3.4) 
Then Eq.(2.5) and (2.6) become 
Hs = + (3.5) 
where 
付丄=全 J 丄 + aj+ifl,,) (3.6) 
I 
and 
H 艺 — - •) (3.7) 
By Eq.(3.4) the total number of fermions is given by 
二 f + 〈 5 L 〉 (3.8) 
where N is the number of site. For further discussion we assume that N = An 
for some positive integer n. 
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We immediately see that for zero magnetic field S^i = 0 and the uniform 
^ y model (J- 三 0) in the fermion representation looks similar to the half-
filled metallic chain, except that the exchange coupling J丄〉0 for an AF chain, 
but that for a metallic chain is negative. As we wi l l see later, dimerization 
occurs in both cases. One may wonder whether dimerization happens to a 
ferromagnetic chain (J丄 < 0) or not. In this case〈S"fJ = 士iV/2 at the 
degenerate ground states, and the energy band in the fermionic representation 
is either fully occupicd or empty. Therefore Peierls transition wi l l not occur. 
I t is to be noted that the z and .t, y components in the spin Hamiltonian 
are treated in rather different ways. Thus the x, y part leads to a two-fermion 
("kinetic energy") term in the pseiidofermion Hamiltonian; the z part leads to 
a four-fermion ("interaction") term. The treatment of the four-fermioii terms 
is difficult i l l this formulation. These terms are just those that distinguish the 
Heisenberg from the exactly soluble XY model. 
3.2 Diagonalization of the XY Model 
In this section we diagonalize H丄 of Eq.(3.6) for a dimerized chain x i / a = 
( - l ) V Write the exchange integral J i ( . t / ) = J[1 + " ( - 1 ) " " ] . We wi l l show 
that dimerization occurs no matter whether J is positive or negative. Take 
Fourier transform of //丄： 
丑 丄 = k a ) aldk - ^ Jt/^r}(sinka) 4+冗/a^fc (3.9) 
k k 
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- [1 - ( f n i y j a m H a for 
e �= 
- \ / l - [1 - (/i7])2]sin^ka for - - < /c < z l 〉 > j l 
Za' a 2a 
(3.11) 
cxk are fermion operators wi th 
o^ k = Ckttk + dkak+^/a (3.12) 
where 
Ck i f i r j sin ka — = 
dk cos ka - Q{k) (3 13) 
The second equality is to keep satisfying fermion commutation rules. 
Fig. 3.1 and 3.2 show the bands for J > 0 and J < 0 respectively. The grey 
parts correspond to the filled bands. In both cases, the total energy decreases 
when dimerization occurs. Therefore the Peierls transition wi l l take place no 
matter J is positive or negative. 
JQ{k) je{k) 
土 个 
——i j p ^ w , 
丨 Jn 111' - f i - f k J K 
^ \ / 2a 丨 a “丨 A 2a ； « 
Figure 3.1: Half-filled band for J > 0 Figure 3.2: Half-filled band for J < 0 
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3.3 Hartree-Fock Approximation 
From now on we only consider Heiseiiberg problems, i.e. J丄(.t/) = J , ( x i ) = 
'h. = J [ l + Take Fourier transform of (3.7) too: 
Hz = - y ^ JQfcQfc 
k 
+ 】 [ J COS {k 一 k')a alak'al„ak''' + 华 （3 14、 
k+k'=k"+k"' 4 I • 
+ ^ Ji网 siu(k _ k')a alak'al,ak"' 
k+k'=k"+k"'+T:/a 
Note that the last term of Eq.(3.14) is contributed from the lattice distortion. 
Together with if丄 in Eq.(3.9), we have H, = H ^ ^ H,. We may also view 
二丑0 + Hint + J N / i where Hq and Hint collect all the two-fermion and 
four-fermion terms respectively. 
The Hartree-Fock approximation used by Bulaevskii [15] for the uniform 
chain {t] = 0) is to perform the usual Hartree factorization on the four-fermion 
terms taking averages in the undistorted state: 
(alak'al,ak"'} =nknk"(6kk"'Sk'k" — Skk'Sk'k'") 
Then the average energy E 『 二 (Ho + f ^ u ) is given by 
丑 (《广= E 八 cos ka-1) n^ + l ^ J[l — cos {k — /c')a] (3.15) 
k kk' 
The entropy expressed in terms of the occupation numbers Uk is 
= - E nfc In riA： + (1 — Uk) In (1 — n^) (3.16) 
k 
and the free energy F is given by 
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F =丑/J广-TS (3.17) 
Minimize F w.r.t. n^ to get the most probable value of Uk： 
n左= [ l + e〜/了广 1 (3.18) 
where 
2 � 
=J coska-l + — 一 c o s p - k')a]}nk' 
2 二 （3.19) 
=J cos /ca - 1 + — ^ [ 1 - cos kacos k'a]nk> 
k> 
The last step of Eq.(3.19) comes from considering the symmetry of Uk about 
/c = 0 and thus Xlfc f^c sin ka = 0. From the form of Eq.(3.18) now is 
approximated by 
E ⑴ = ^ k ^k 
k 
^ 2 � 
= ^ J cos ka 1 - I c o s fc'tt rik (3.20) 
=p ^ ^ J cos ka Uk 
k 
where p = l - (2 /7V) J]於，rik' cos k'a is determined self-consistently wi th Eq.(3.18) 
-(3.20). At low temperatures T < J it is approximated by constant p = 1.64. 
This is equivalent to the energy spectrum of a Hamiltonian given by 
J cos ka a[ak (3.21) 
k 
Note that this H 『 = p H i . Thus the Hartree-Fock approximation can be 
viewed as to write 
Ho + Hint — p H 丄 (3.22) 
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Pytte [2] extended this approximation to the alternating chain (ry + 0) by 
writ ing 凡 as 
Tjrr-F ^TT 、JN 
Hs = pHi_ + — 
7 t . , t JN (3.23) 
P'J cos ka a'kdk - 〉 pJiiir]sm ka H 
k k 4 
From previous section we know that Eq.(3.23) is diagonalizable. 
3.4 Quantum Effect of Lattice 
Up t i l l now we have not consider the quantum effect of the underlying lattice 
yet. Due to the uncertainty principle, it is impossible to locate the exact 
position of each ion. Ions are vibrating. Their motion can be described by 
quantized phonons. For a 1-D atomic chain, the Hamiltonian of phonons is in 
the following form: 
凡 [ 瓷 + (3.24) 
where Qq and Pq arc the normal coordinates and conjugate state momenta of 
the ionic motions respectively, 4^。) are tho normal mode frequencies, and m is 
the ionic mass. 
Dimerization can be understood as softening of phonon with g 二 Tr/a. In 
other words, the phonon with q = 7r/a stops to move and the frequency of 
this phonon u j 小 = 0 . ujf' = sin ga/2|, where K/a is the spring 
constant between two adjacent sites. The softening of phonon in SP transition 
is because of the spin-phoiioii interaction term. Now Eq.(2.4) becomes: 
H = H, + (3.25) 
Let ui be the displacement from the equilibrium position of the Ith ion. 
Then m = Ri - la and xi = ui+i - m. To encounter the quantum effect of the 
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lattice we quantize ui by writ ing it in terms of Qq： 
= ^ H Q 严 (3.26) 
q 
Then write 
J ⑷ = J ( l + 巧 = J ( 1 + (3.27) 
Of o, 
and take Fourier Transform of Eq.(3.5). After making Hartree-Fock approxi-
mation, wo have: 
H「F — y^ p J cos ka aldk 
k 
1 V , <v • , % t J N (3-28) 
PJ你 sm ka + — 
The effect of the spin-phonon interaction on the lattice vibrations was 
treated in the random-phase approximation (RPA) by Pytte [2], Detail calcula-
tion is given in the appendix A. Here we just give the result of the renormalized 
phonon frequency of phonon q\ 
q 、q ) m N ^ a pJ cos (k + q)ci — pj cos ka + cjq (丄⑶) 
The stability l imit for the uniform phase is determined by setting q = 7r/a, 
T^T/a = 0 i l l the expression for the lowest-lying renormalized phonon mode. 
Note that 
1 1 
几 fc+Tr/tt —几A; — p7 
. e x p l(€k+n/a — ef)/kBT] + 1 exp([efc — ef)/kBT] + 1 
— 1 1 
~exp( -ek /kBT) + 1 — exp(e,//cBT) + 1 (3.30) 
= t a n h 
2kHT 
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where e^  = pjcos ka is the energy spectrum given by the first term in Eq.(3.28) 
wi th ek+T,/a = - Q , and e； = 0 is the Fermi energy. Then 
In the l imit , k s T 《 p J , the expression for the transition temperature T f / 
by this mean-field approach is of the BCS form 
^BTf/ = l.UvJe"^  (3.32) 
where 
A = (3.33) 
and N = L/PJIT is the density of states at KP’ = -NJLA for the fermion band. 
Therefore this mean field formalism leads to a finite transition temperature 
^sp for a, 1-D model. But this is impossible since a 1-D model can only 
have zero transition temperature due to its thermal fluctuation effect. The 
TSP found in experiments is finite because materials are not strictly 1-D in 
reality. The interchain interactions within the 1-D chains suppress the thermal 
fluctuations. 
Although RPA is not a good approximation for 1-D models, ions within a 
1-D chain are able to move three dimensionally. In this case we should replace 
the 1-D ui by a 3-D vector u/. Now we have 
J(u,) w J (0) + • J(u;) . (u/+i 一 ui) (3.34) 
and 
^iqla 
= 椒A (3.35) 
where ex is the polarization vector. 
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Pytte [3] showed that a system with 1-D Ising chains coupled to 3-D 
phonons is equivalent to a 3-D Ising model on a fixed lattice in an external 
magnetic field. Thus a 1-D system may have a finite phase transition temper-
ature when it is coupled with 3-D phonons. In this case the RPA method may 
give satisfactory result. 
Chapter 4 
Bosonization 
4.1 Continuum Limit 
Actually, the Hartree-Fock treatment of Hint is known to be not a good ap-
proximation in 1-D system. However, people did not know how to treat terms 
with four fermions or more in a better way, unti l there was a break through 
by Luther and Peschel [36]. Cross and Fisher [4] followed their procedure in 
calculating SP problems. 
The basic idea of the new method is that, most of the physical quantities arc 
mainly contributed by those states near the Fermi surfacc. The effect of states 
far away from the Fermi surface is very small. Luther and Peschel [36] observed 
that the AF XYZ model can be approximated by the exactly solved Luttinger-
Tomonaga [37, 38] model, with essential features (Fermi velocity, interaction 
potential matrix elements) in the region near the Fermi surface being kept. To 
see how this proceeds, we first consider the undirnerized Hamiltonian Hq = 
J2k _ cos ka) alak wi th kj.^ = 7T/2a and approximate Hq in the following 
way: 
25 
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Ho -> i^c) = ，,(1 — c o s h ) (^W + ^ J(1 — cos/ca) ^ttfc 
kPikp kf^s-kp 
1 - " f l + 芸 alak + ^ J 1 + "a + 蒼 ^ a ^ 
= ^ J (1 - ka) a\^aik + J (1 + ka)a\^.a2k 
fc=—oo ^ > 
(4.1) 
where in the second step we expand cos ka about k = 士/cp = 士7r/2a and keep 
the first order of k only. In the third step we let a ^ — ^ = a^ for k ^ kp, 
= o,k for k ^ -kp. The range of summation of k is extended from 
- o o to oo in the last step to make H?) soluble. 
The form of is known as the Luttinger-Tomonaga model [37, 38] which 
has been solved exactly by Mattis and Licb [39]. //{。） a^n be viewed as con-
sisting of two kind of particles, labeled as 1 and 2. 
t I f 
I ' \ I 
I Z2k / \ I^k I 、 , 
\...........I / 
？m iv"i V 7••.... 
- i y ^ 0 k - t A — 
a. 2a 2a \ a 、 / 
\ ‘ 
\ ‘ 
Figure 4.1: Illustration describing the procedure proposed by Luther and Peschcl. 
ei and €2 are the energy spectra of particle 1 and 2 respectively. 
The approximated energy spectra are in the form of Dime model and are 
unbounded below. We may imagine that there exists an infinite fcrmion sea 
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fi l l ing below the Fermi level at the ground state |0). On the other hand, the 
density of state w.r.t. k, L/27r, should be unchanged, where L is the length 
of the system with L = Na. So iV oo implies a 0. The lattice seems to 
be changed from a discrete structure to a continuous one. We may say that 
we have taken continuum limit for this system. Note that the value of J is 
adjusted so that the Fermi velocity dE(±kF)/dk =干Ja is kept unchanged. 
Take the continuum l imit of the undimerizcd Hint too: 
始 丨 ] 去 I： [ E + E + E + E 1 




t t t f 
(4.2) 
above we take cos ka ^ 1 for k ^ and cos ka ^ - 1 for k ^ 7r/a. The terms 
in the bracket wi th a minus sign in front correspond to q = t t /a and so are 
known as the backward scattering terms. They can be divided into two groups 
and equal to 
qAk' q,k,k' 
S = (】L,+qa.jkai-qajk' = " ^ 4fc—/名义jfc' = 0 
q'k'k’ q,k,k' (]’k,k' 
(4.3) 
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where i,j = 1, 2 and i ^ j . The first equation comes from wri t ing q -)• q-k'+k. 
The second one comes from writ ing q ^ -q - k' + k m the second step. Now 
H-nt becomes 
J f r 、 
<7 丸 fc' = - o o � >' (4 4) 
+4 | 
We have extended the range of k for further discussion. 
The process of taking the coritiimum l imit of H „ i i bases on the preserving 
of properties near the Fermi surface of Hq. Thus this approximation should 
be fine for small values of Jz/J±, in which Hq dominates the physics. But 
for the Heisenberg case, in which J 丄 = J ^ , excitations well away from the 
Fermi surface are also involved, and so the validity of the approximation is not 
known. 
4.2 Bosonization 
In this section we wi l l see how Matt is and Lieb [39] solved Z^。）+ 
which some fermion operators are represented by bosons. Let riu = a^au be 
the number operator of particle z = 1,2 at site I. The Fourier transform of 
几= m T ^ q 二 is given by 〜 = E r = - o o 
In general, i t is expected that density operators commute wi th each other 
because 
CO 
Piq^Pjq'] = ”i,j ^ — dik+q.一ik) ( 4 . 5 ) 
k=-oo 
The commutators seem to vanish if we relabel k k - q' in the second term. 
However, if one check for the case q = -q' and i = j by acting pigpi^g and 
Pi-qPiq to the ground state |0) separately, one wi l l find that 
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^ + f , 1 / 0 for z = 1 
PiqPi-qW = < ( 4 . 6 ) 
k,k'=-oo — 0 for i = 2 
\ 
but 
^ + t I 、 = 0 for 2 — 1 
Pi-qPiq\0} = <-g〜fcaLfc'+gG'zfc'|0〉<^ (4.7) 
k,k'=-oo I ¥ 0 for i — 2 
for g > 0 because of the unbounded below fermion sea. The following figure 
shows the case of i = 2 and q = 3(27r/L): 
I 
I 
二 ( - - ^ = = — — 令 — —— — 
—. . t .— _ — 
P- •<-，机）P邓机、i ~ ^ V-m \ i •''I?! \ = 3 X ^ Pj(2n/i.) P. l2nJL) ！jj! = 0 
《 • ： ： X t 




Figure 4.2: Example oi q = 3(27r/L) of particle 2. Note that for particle 1’ 
Pi-qPiq\^) = 0 since the states filled are with A: > 0. (Please refer to Fig. 4.1) 
This shows that [a^, A - J 0 in this system. A more explicit illustration 
of piq and pi-q being non-commute is shown in the following figure: 
》 RH 
n、, N2K+q 
Figure 4.3: [pi = E i M 认 — rHk) • 0 for an infinite fermion sea. 
Thus the commutation relations may depend upon the form of the ground 
state. In fact for any q we have 
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/ 
qLl2TTriq^qi for i = j == 1 
[Ag, pj-g'] = -qLl2TTr]q,q丨 for i = j = 2 (4.8) 
0 for i ^ j 
Apart from the numerical factor (/L/27r, piq, fh-q and p2q are actually 
boson destruction and creation operators respectively, wi th q > Q. The process 
of wri t ing fermion operators into boson operators is known as the bosonization. 
The value of discovering these boson operators is that H?、and H! : ! can be 
wri t ten in terms of them. Note that piq are exact raising operators of hP: 
WO,PL±q]=干 gpi 士 
(4.9) 
P2±q] = 士 士 g 
Together wi th the boson properties of piq, we know that all states wi th the 
form pi_<,|0), p2q\0) are eigenstates of Hq wi th energy gL/27r for q >0. These 
suggest Matt is and Lieb [39] to write n f ) as 
HIF'、=賊C、+ I (4.10) 
where 
敢 、 = 飞 ^(pl-qpiq + p2qP2-q) (4.11) 
q>Q 
Then I = H” — SF、commutes wi th all pig and act as a scaler w.r.t. them. 
From now on we only consider those states in the form of PIG...PJQ'\0). So I 
can be ignored. 
We bosonize Hj^l in Eq.(4.4) too: 
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丑LI = ^ + P2-qp2q + ^Pl-qP2g) (4.12) 
H^"^ + hI^I is in quadratic form and is diagonalizable. But instead of doing di-
agonalization directly, we would like to see the work of Nakano and Fukuyama 
[5], in which they introduced the phase operators 
2 广 C (4.13) 
M^) = L — -\q\ + iqx 
where ( is a cut off parameter to prevent divergence at infinity. Usually we 
take C 0 at the final step. Then let 
1 (4.14) 
p{x) = — 
which leads 
= (4.15) 
Thus 0 and p can be viewed as a coordinate operator and its iiiomeiitum 
conjugate respectively. Taking inverse Fourier transform of 敢、+ H^^]: 
敢、+ = J dx[A{Ve)' + Cp'] (4.16) 
where 
, 3 1 ^ 1 
4 = ^ 1 + 7 , C = 2 沉 Ja 1 - - (4.17) 
We have dropped the constant term in Eq.(4.16). Note that we can write 
Eq.(4.16) in integral form instead of the discrete summation form because we 
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have taken the continuum l imit . I t is actually a Hamiltonian of an elastic chain 
and can be exactly solved. 
The constants A and C given in Eq.(4.16) does not preserve rotational 
invariance. This comes from the approximation of replacing the cosine bands 
to linear bands wi th a cutoff [40]. Cross and Fisher [4] introduce a way to 
overcome this difficulty by adjusting A and C as follows: 
J a 2 
C = (4.18) 
Next we would like to bosonize the dimerized Hq and Hint. We do not consider 
the lattice quantum effect for simplicity. From Eq.(3.9) and (3.14), the extra 
terms contributed from 77 0 are 
- J i f i r ) sin ka 4+兀+ ^ ^ Ji叫 sin qa 4—一冗 
k q,k,k' 
‘ _ _ __ � f 
— > ^ ^ + ^ ^ — JiiiT] sin ka aj.^^fifc 
乂 K^AKP KFN-KP 
�q K i n ， V kK,kp kRi-kp k'^akj? k'^^-kp 
~ ^ { - J i H n alk^lk + Jil^n Cl\k^2k) 
kPiO 






By substituting k ^ k' ^ k and q ^ -q m the second bracket of the 
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four-fermion terms, we see that all the four-fermion terms cancel out. Extend 
the range of summation of the left two-fermion terms: 
00 
Here we introduce the fermion field operator 屯“a:) for z = 1,2 such that the 
inverse Fourier transform of aik is given by 
1 广 , " 2 
= dx 屯 ( 4 . 2 1 ) 
y L J-L/2 
This is because Luther and Peschel [36] found a way to write 屯 -^(工)in terms 




么(工）= X]、OK)Ag (4.23) 
Q 
with Aq{x) given by Eq.(4.13). By means of Eq.(4.13) it is easy to see that 
i[(j)i(x) + (l)2{oc)] = 9{x) and so Eq.(4.20) becomes 
樂 J dxsme{x) = B j dx sin6>(rc) (4.24) 
Here Nakano et al. assumed ( = a/yr for further discussion. 
Replacing 9 hy 9 - (7r/2) and combining Eq.(4.24) with Eq.(4.16), we have 
Hs = I dx A{V0Y + C y -Bcose (4.25) 
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Note that in Eq.(3:7) all unessential constants are dropped. The Hamiltonian 
in the form above is known as the quantum sine-Gordon system. It is quite 
well studied and so people know how to tackle it. 
Eq.(4.25) is known to be not soluble. Dashen et al. introduced a way to 
approximate Eq.(4.25), in which 
B cos 0 4 Be-、〜l‘i 1 —沪一〈沪〉 (4.26) 
Thus Eq.(4.25) is approximated by a quadratic Hamiltonian: 
K = I dx A iV9 ) ' + + m 〒 + D (4.27) 
where: 
爪2 =寻6-〈約-/2 and = —Be-〈妒〉fi + i f k ) (4.28) 2 2 
So we only need to find the term、炉、讯,in which the average is taken w.r.t. 
the ground state of Thus 們讯 in turn depends on m and is determined 
self-consistently. This is known as the self-consistent-harmonic-approximation 
(SCHA). To find 們饥,we need to find the phason frequency Wp[q) first: 
V C _ _ ^ (4.29) 
= + ql 
where ql = vr? jA . Then、炉、讯 is given by 
,、rn = 迁 去 (4.30) 
in which integration is done in the region of \k\ < = ir/a. The final result 
is 
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“Ott ‘ 
{0')m = ln — (4.31) 
L叫oj 
Together with Eq.(4.28) we have 
{0')m = I In [ - 1 (4.32) 3 ( f ^ l ) 
Substitute into Eq.(4.28) we get 
J 2/3 2/3 
爪 = ^ ^ (4.33) 
Therefore the energy gap between the ground state and the first excited state 
A = Wp(0) = 2y/ACqQ oc m oc rf^^. I t is different from the result of A oc 
calculated by Hartree-Fock approximation. 
The energy gain of the fermion (spin) system due to finite “ at the ground 
state is given by 
9 L J 
=—書 m2 (4.34) 
= - 0 . 3 5 ： ^ 
a 
We see that the energy gain of the magnetic part is proportional to instead 
of r f In^ T) calculated by Hartree-Fock approximation. This new result is more 
consistent with the numerical result of Duffy and Barr [41]: 
Edb = — ( 4 . 3 5 ) 
The difference between the two is less than 10% and so the SCHA is satisfac-
tory. 
Adding the elastic energy per unit length E — j L = K r f i a in Eq.(4.34) 
and minimizing the total energy w.r.t. r] to obtain the magnitude of the bond 
alternation in the ground state: 
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^ J N 3/2 
々 = 7 阮 （4.36) 
V / 
Putt ing in Eq.(4.29) and (4.32) we get 
甚a and 們讯=In [？ g ^ ] (4.37) 
4.3 Relaxation of the Restriction on Lattice 
Distortion 
Up to now we only considered dimerized lattice x j a = {-lYr]. I t is obvious 
that the ground state energy is twofold-degenerate wi th Egs(v)=五gs(—々)• 
Besides spin excitations, the system also supports nonlinear excitations, in 
which xi/a flips alternatively between two phases xi/a = (—1)、and xi = 




Figure 4.4: oci/a flips alternatively between xi/a = ( -1) ' " and xi/a = (-1乂（一"). 
Note that x i j a changes from one phase to another phase gradually. I f rj 
jumps to -7) suddenly, the fermionic energy wi l l be quite large due to the 
uncertainty principle. Alternatively, i f rj changes to -t) slowly, then there is 
a large region not fully dimerized and raise the energy, too. Thus there is 
a preferred shape to minimize the total energy. Numerical calculations [42’ 
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43] show that the form of Xi/a across the flipping wi th center located at the 
position Rq is: 
x i / a ^ ( - i y r ] t 3 . n h [ ？ ( 4 . 3 8 ) 
or we may write 
R 一 R 
工I ~ ( - 1 ) % with rji = 77tanh[ ^ ~ (4.39) 
where Ri = la is the position of lib. ion. Since the flipping is shape preserving, 
they act as solitons in real space. The constant ^ is known as the soliton width. 
I f m given by Eq.(4.39) is regarded as the existence of a soliton, then 
R — R 
m = - r ] tanh[ ^ “ • ] (4.40) 
is regarded as the existence of an antisoliton. To satisfy the periodic boundary 
condition for an even N wc have a soliton and an antisoliton existing in pairs. 
Sincc the formation energy of a soliton/an antisoliton is less than one-half of 
A , i t is more easy to have soliton excitation than the magnetic excitation. 
Fukuyama [5] reproduced the shape of a soliton by modifying Eq.(4.24) 
and (4.25). He replaced 7] by r](x) in the two equations and write 
H = Hs + Hela 
r 「 j u K 1 (4.41) 
= / dx A(V9y + Cp' - cos e + 
J L a a 
Following the work of Dashen et al. [44], Fukuyama separated the variable 
into the sum of its average {d(x)) and the quantum fluctuation i.e. 
0(x) = (eix)) + e{x) (4.42) 
Thus Eq.(4.41) becomes 
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H = [dx \A(V(e) + •约2 + _ in：咖、cos(W + §) + - r ] ( x f 
J a (I 
=f dx 卜 ( • + 成•句2 + Cp2 — 〜 ⑷ COS W 1 —炉—〈和〉 + 
L 2 J a 
+ J dx[2AV{e)Ve + GT]{x)§sm{e) 
(4.43) 
in which besides Eq.(4.26) is used, the term 
sin e-〈炉>6 (4.44) 
Thus the term G is given by 
G = 炉〉/2 (4.45) 
From Eq.(4.42), we must have {§) = 0. Thus〈炉〉=〈沪〉• Here 們 is assumed 
to be equal to that in the ground state〈6>2〉爪 and is a constant. Of course in 
rigorous sense this is not the case and〈沪〉varies along the chain. By Eq.(4.32) 
we have 
G = “ V 玩 （4.46) 
To achieve {§) = 0 we set the coefficient of 0 ^ 0 in Eq.(4.43) (So that the 
Hamiltonian is symmetric about 9 ). Then we get the following equation: 
2AV^(e) — Gr]ix) sm{0) = 0 (4.47) 
The spatial variation of r](x) also satisfies the following equation, which is 
derived by differentiating {H) in Eq.(4.43) w.r.t. ri(x) 
2K 
—'n{x) - G cos{e) = 0 (4.48) 
Putt ing Eq.(4.48) into (4.47) to eliminate t ] we get 
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= O (4.49) 
where 
^ UAK Kira , , 、 
= （4.50) 
We have made use of Eq.(4.46). A solution of Eq.(4.49) is just 
cos(6') = 士 t a n h | (4.51) 
and then 
T^ Or) = 士 77tanh| (4.52) 
which is just with the same form of Eq.(4.38). The result seems pretty good, 
although ^ is checked to be only one-third of the numerical result [5 . 
4.4 More Discussion on the Phase Hamilto-
nian 
Here we would like to have a closer study on Eq.(4.49) and (4.48): 
• 2 〈 " 〉 -去 s i n 2 W = 0 (4.53) 
= (4.54) 
Besides the solution given in Eq.(4.51), all constants in the form of n7r/2, where 
n is any integer, are also solutions of Eq.(4.53). From Eq.(4.54) we know that, 
for (0) = 0，土71"，士271"，... = niT, r}(x) = rj for all x and so Eq.(4.41) recovers to 
Eq.(4.27). Thus (9) 二 nn corresponds to the system being in the SP ground 
state. 
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On the other hand, {9) = ±7r/2，土37r/2，... = (2n + 1)兀/2 gives r]{x) = 0. 
To have a clear picture, just notice that Eq.(4.13) gives 
• 叫 a) = (nu + n2i) — l / iV(pio + P20) (4.55) 
where nu = 1/N Y^q piqe咖 is the occupation number of particle z = 1,2 at site 
I. Thus piq = Y^ i f i i ie -咖 and in particular pio = nu. I t is assumed that 
N/2 = ajai = E丨(jiu + 71,21) and thus by symmetry pio = Yd^u = 
Take a 0 in LHS gives {nu + n2i) = 1/2 for any finite (V(9) = V{6>). Now 
by definition, 
^^ E 一知 e 响 + 一 + (―严 , e ! 咖 + (-l)'c4+一e 一、 
k,q=-oo \ � 
—？11/ + 7121 + (-1)' sin[叩 a): 
(4.56) 
Putt ing Eq.(4.56) and (4.55) into Eq.(3.4) we have 
对 = " 4 + 
二 •^V0{la) + (-1)' suimia)] (4.57) 
Itt �57�=告•〈叩 a)�+ ( — � � 2 s i n _ a ) � ] 
Thus for {0) = (2n + l)7r/2 we have (5 f ) = 〈 。 ” T h e magnetic 
moment along the z direction is staggered. This actually refers to the Neel 
state, which is defined to be wi th {SQSD 〜(一1)' where i = x,y,z. On the 
contrary, the solution of the SP state {9{x)) = nir gives {S[) = 0. This is 
because a system in the SP state can be viewed as a chain of singlet pairs. 
The SP state and the Neel state seem to be "opposite" to each other. 
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4.5 Limitation of the Bosonization Technique 
and the Phase Hamiltonian Approach 
By the bosonization method, the treatment of the four-fermion terms Hint has 
been greatly improved. The dimerization dependence of the magnetic energy 
is found to fit the numerical result much better than the Hartree-Fock result. 
The phase Hamiltonian also correctly predicts the shape of a soliton. However, 
there are also limitations and doubtful points for this approach: 
First of all, as mentioned before, the approximation of taking contimium 
l imit , which is the first step of bosonization, is based on the assumption that 
the physics is dominated by the undimerized HQ. However, in calculating SP 
problem, the extra terms HINT and the dimerization part of HQ are wi th energy 
scale comparable to HQ. I t is interesting to notice that, from Eq.(4.56) and 
(4.57)，wc have the approximation of taking contimium l imit reliable only for 
|e- " /2sinWI < I 
i.e. 〈6|2〉〉ln4 
(4.58) 
since 0 < {a\ai) < 1, and |(5f) | < 1/2. For instant, we require / i < T [ y j K / 2 J 
at the ground state. That is, Ji depends on / i weakly, or the elastic energy per 
unit site K is relatively large, in which case the dimerization “ is suppressed 
and its contribution to the system is small. 
Secondly, only those states excited by bosons are considered. Some low 
excitation states, which may be important to the system, are not taken into 
account. For instance, for the state a)叫、 measured to be w i th 
energy </a(L/27r) but 私。)gives zero energy. We do not know the correction 
of this part, but since the calculated ground state energy is quite accurate 
compared to the numerical result, this point may be ignored. 
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In calculating solitons, the term〈沪〉is assumed to be the constant (9'^ )m 
at SP state. But {9'^) should be obtained from Eq.(4.41), in which r](x) varies 
with X, and so does 們.The spatial dependence of〈沪〉in turn affects 
Eq.(4.41) Fortunately the calculated result is acceptable. 
The validity of direct replacement of r] by ri{x) in Eq.(4.41) is also a ques-
tion. This will be discussed in the next chapter. 
The most puzzling point in the calculation is the breaking of the rotational 
symmetry in the final phase Hamiltonian. At the final stage, we arc able 
to know (Si), which means that wc are totally uncertain of (S^) and (5^). 
However the system is with rotational symmetry. We are not sure whether this 
results from the starting Jordan-Wigner Transformation. If not, the reliability 
of the bosonization technique wil l be highly suspected. 
Chapter 5 
Effect of Doping Impurities on 
Spin-Peierls Model 
5.1 Experimental Results 
We have mentioned that the value of CuGeOs is from its inorganic nature 
which allows a controlled doping on it. Scientists have the first opportunity 
to study doped SP systems experimentally. Doping in CuGeOs has been done 
in two different ways. One way is to affect the spin degrees of freedom at 
some sites by substituting some of the ions (in-chain substitutions) wi th 
magnetic (Ni2+ [10], which has S = 1, or €0^+ [11], S = 3/2) or non-magnetic 
(Zn2+ [7’ 8，9], Mg2+ [6]) impurities within cach C11O2 chain . Another way 
of substitution is to rcplacc some ions (off-chain substitution) with 
12] ions. This is cxpectod to modify the strength of the exchange couplings 
between two adjacent sites. It seems that, no matter which kind of doping 
and how small the amount is, the SP state is suppressed and the Neel state is 
enhanced. 
I l l all cases of substitutions, TSP is suppressed. I t decreases linearly wi th 
the doping concentration y when y is small. But in the case of Zn in-chairi 
doping (Ciii-yZriyCeOa), TSP is found to become flat for a larger y. On the 
other hand, an antiferromagnetic long-range order (AF-LRO) is induced for 
43 
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this quasi 1-D system at some T < T^r where T^ is a critical temperature 
wi th TN < Tsp. That i s , 鄉 ] ) 〜 ( - ! ) ' / ( / ) where / ⑴ * 0 for all finite I 
when T < TN. In particular a neutron-scattering experiment showed a clear 
evidence for the coexistence of the AF-LRO and the lattice dimerization in 
Cui.yZn^^GeOs [45, 9 • 
Up t i l l now no one can find the critical concentration Vb > 0 such that 
when y < Vb AF-LRO docs not occur even at T = OK. The AF-LRO in 
Cui-yZn^GeOs can be induccd by a very low doping concentration [46] of Zn, 
down toy = 1.12(2) x l O ] ’ a value that seems to bo low enough to conclude 
that yb does not exist. I t is quite puzzling why such small doping can develop 
the AF-LRO, which persists to a relatively high transition temperature TN. 
The situation for large y is sti l l not fully established. However, in many 
riieasureiiients when y is above some critical y^, the spiii-Peierls long-range 
order disappears, although short-range correlations seem to persist. In par-
ticular for the case of Cii i.yMgyGeOs, Masiida et al find that a first-order 
transition occurs at y。« 0.023 and the system changes from the dimerized an-
tiferromagnetic phase to the uniform antiferromagnetic phase for an increasing 
y. 
The model proposed by Fukuyama et al. [47] is the first model which shows 
the possibility of the coexistence of dimerization and AF-LRO with the AF-
LRO realizable by arbitrary small amount of doping. Therefore we would like 
to follow their approach to calculate our doped SP model. 
5.2 Analytical Calculations of Doping Effect 
In this section we t ry to estimate the effect of doping analytically, following 
the work by Nakano and Fukuyama introduced in the previous chapter. 
We consider a SP model wi th bond impurities distributed at sites I = I卿 . 
Then both the exchange coupling J(xi) and the elastic constant K/a'^ are 
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modified at the impurity sites. We write 
j r = j ( i + A , ) [ i + ( - i ) W ] 
(5.1) 
K ; - = 耶 + 三,） 
where 
= A at / = limp , 、 
A 叫 （5.2) 
1 = 0 otherwise. 
and 
一 J = 二 at I = limp , 
= \ (5.3) 
[ = 0 otherwise. 
Thus now the Hamiltonian is 
H = + A/)[1 + . s … + K(l + Ei)rif (5.4) 
/ 
The constant A is adjusted to see the effect of doping. A large |A| may force 
the two adjacent spins around 1— align antiferromagnetically for A > 0 case 
and ferromagnetically for A <C 0 case, in order to minimize the total energy. 
We may write J广 as 
j r = + ( - 1 ) ' [ ( - 1 ) % + mil + A/)]} (5.5) 
Then J;— is wi th the same form of the exchange integral J, = [1 + (-1) ' /^" ; ] 
in the pure system, with 网i replaced by [ ( - 1 ) % + + A,)]. To avoid the 
undefiness of the term (-1)% after taking continuum l imi t we just assume 
that all the kmp are either odd or even. So we make use of Eq.(4.41) directly by 
replacing f i r j { x ) as {土,譯A(.t) + 辦 / ( : r ) [ l + 八⑷]} in and K a.s K[l-\-E(x)] 
in Hela-
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H = HS-}- HELA 
=卜oc + — ^ 一 八 ⑷ + “ " ⑷ [ 1 + A⑷ ] } cos0 (5 6) 
OI 
where 士 = (—1),一. 
Following the procedure from Eq.(4.42) to (4.49) we have 
•2〈没〉_ + A ( 工 ) ] 2 s i n 2 〈 巧 — = 0 (5.7) 
and 
( 、 G a l l + A ( j：)] ,… 
" ⑷ 、 耶 + 4 : ) ] c ( _ 〉 (5.8) 
where 
仁（、 UAK[1 + E(x)] / — 
制 = V aG^ = + 制 (5.9) 
When X ^ a, Eq.(5.7) is just as same as Eq.(4.47). Therefore we make 
use of the solutions of Eq.(4.47) to solve Eq.(5.7). A (61) satisfying Eq.(4.47) 
is a solution of Eq.(5.7) too if： 
' 1 1 c 
^ - + cos(^) sm(e) = 土卿 [ A W s i n W (5.10) 
in which (0) automatically satisfies at all a; + J^— a. At x = kmj^ a we require 
(0) to be: 
_(Jimp 0,)} = 0 (5.11) 
or 
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魂 』 〉 = 二 ; U 、 
二 ^ ( 1 + S ) A ….12) 
— 腿 P G a i l [A - (一 1 + \ / I T H ) ] [ A - (—1 - n / T ^ ) : 
The first condition is satisfied by s i , = 0 which corresponds to the SP state. 
There may be no solution that satisfies the second condition. Such a so-
lution exists only when the absolute value of the RHS of Eq.(5.12) is smaller 
than one, as the LHS cos(^) is. Note that the dominator of RHS is a quadratic 
polynomial wi th root(s) A = — 1 土 + H. Thus, if H 0’ the RHS diverges 
when A closes to the root(s). But it must converges to 0 when |A| oo or 
A ^ 0. The latter one is assured by the numerator 〜A. When 三=0，A = 0 
is a root of the dominator and cancels out with the numerator. Thus RHS 
diverges at one A = - 2 . In this case we do not consider A = 0 since this 
corresponds to no modification of the couplings at x = limp a. 
A solution satisfying Eq.(5.12) corresponds to the existence of a soliton: 
cos〈0(:r)〉= 士 tanh ^ ^ ^ (5.13) 
in which x^ can be adjusted so that COS(6'(.T)) satisfies Eq.(5.12). Of course 
there are more than one impurities. But we just assume that the doping is 
very dilute such that the system can only "view" one soliton at each x. 
In choosing solutions, we have to consider Eq.(5.8) too, to make sure that 
< 1 for al l oc. Therefore, i f |[1 + A]Ga/2K\ < 1’ or, {-2K/Ga - 1) < 
A < (2K/Ga - 1), we can choose the SP state solution. This solution is 
believed to be with the lowest energy contribution to the system. The doped 
chain dimerizes as a pure chain everywhere, except that at x = I— a the 
dimerization is suddenly suppressed, and changes sign if A < - 1 . 
When |[1 + A]Ga/2K\ > 1，or A < (-2K/Ga 一 1) or A > (2K/Ga - 1) 
(Large |A|), we have to choose the soliton solution, provided that Eq.(5.12) 
can be satisfied. In this case, r}(li— a) is given by: 
Chapter 5 Effect of Doping Impuritie.'i on Spin-Peierls Model 48 
,, 、 T (1 + S) A ( A + 1 ) , 、 
Wimp a) 二 Timp 7 T ~ ~ — — — ^ _ ) ； , 5.14 
/i [A —(—1 + v T n ) ] [ A —(—1 一 v T T ^ ) ] 、 》 
We see that even choosing a soliton solution does not guarantee that \r]{limp a)\ < 
1. This can be understood by taking |A| —oo: 
l im a ) = 干 i (5.15) 
lAHoo fj. \ ’ 
Thus \r}(lim.p < 1 for large A only when > 1. We suppose this condition 
is satisfied for further discussion. From Eq.(5.12) a large A force the formed 
solitons to locate near the impurity sites. The system is weakly dimerized 
around soliton sites, but suddenly strongly dimerized at each x = a. The 
sign of rj{x) at x = k— a is flipped for A < - 1 
In SP state {S[)三 0. Thus in our model impurity sites do not affect (S'f) 
for small |A|. For the solution corresponding to existence of solitons given by 
Eq.(5.13), we have 
•〈0〉= 士 |sin〈0〉 
(5.16) 
二士 
and so from Eq.(4.57) 
〈S7〉= ( - l / e - [ 例 ⑷ 〉 ] 
=(-1)、-〈沪〉/2sech(〒） （5.17) 
Therefore the system is AF-LRO once solitons are present, in particular in 
our impurity model. Surprisingly, the sign of A makes no difference on (S'f). 
The staggering of antiferromagnetic moment is enhanced around the impurities 
even for A 《 0 . From the point of view of Eq.(5.4), the system would like to 
flip r]{x) at X = a instead of changing〈5?〉in lowering of energy. 
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Fig. 5.2 shows a summary of our results. The system remains in SP state 
for small |A|. No AF moment induced. For a relatively large |A| AF-LRO 
is induced. Dimerization is suppressed. In both cases dimerization changes 
suddenly at the impurity site. We think that our results qualitatively agree 
with the experimental results. 
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Figure 5.1: A brief summary of our results. 
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5.3 Criticism on the Calculations 




+ ry,什冗[(—2/ca — + (2ka + 一 2fc]} 
where 77, = l/Nj^qVie-''^'"' = 1/L f is the q component of 
We have r]q = rf—q for real r]i,r]{x). Eq.(5.18) reduces to Eq.(4.20) and hence 
Eq.(4.24) only for rji = i.e. r]q = 77〜，0. On the other hand, replacing constant 
rj by arbitrary r)[x) in Eq.(4.24) gives 
I / 一 W sin e(x) = —i E — (5.19) 
q’k 
We have drop the multiplicative constant for simplicity. 
By comparing Eq.(5.18) and Eq.(5.19), we see that the approximation of 
replacing the constant rj by t]{x) directly in Eq.(4.24) works well only when 77, 
is dominated by rjq. 
To check whether this direct replacement approximation is good in calcu-
lating solitons or not, we just calculate rjg when solitons exist. We approximate 
the r](x) given in Eq.(4.51) as follows for simplicity: 
” for - L / 2 < x < -Tj + a 
- X for -Tj + a < X < r/ + a 
咖 ) = S for r/ + a < x < -'r/ + b (5.20) 
^ for - r } + b < x < r j + l} 
、了1 for rj + b < X < L/2 
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where a < b. We suppose that there are an antisoliton and a soliton located 
at X = a and x = b respectively in order to satisfy the periodic boundary 
condition. 
The evaluated rjq is given by: 
"0 =7/ 1 - L 
2 二 （5.21) 
Tiq = " ^ [ s i n q{r\ + a) - sin q(j] + b)] for q 
Therefore r]g is dominated f o r q ^ Q and satisfies the required condition for the 
approximation in calculating solitons. 
However, the reliability of the approximation is doubtful in our calculation 
of impurities, in which we replace the constant 7] by {±impA(:r) + + 
A W ] } = {±impA{x) + f i [ l + A(.T)]2COS((9)}, in particular if | A | 》 0 . This is 
because 八⑷ is highly localized around x = I一 a, and so contributes to every 




Thus there is no domination of A^ when q e 0. 
Chapter 6 
Summary and Conclusions 
In this thesis we first take a look of how the idea of the SP system comes. The 
starting point is the prediction of instability in a 1-D metallic chain by Peierls. 
Chesmit was the first one to assure that this instability also occurs in a 1-D 
AF chain. Wc have a review on the Hartree-Fock approach in early SP theory 
as well as the RPA method which can be used to estimate Tsp. 
We then come to the application of taking continuum l imit method on the 
SP model, and the bosonization technique. This method seems to account the 
system in a much better way and accurately predicts the magnetic energy and 
the shape of solitons. We then make use of the bonsoriized phase Hamiltonian 
developed by Nakaiio and Fukuyama [5], which corresponds to a pure SP chain, 
to calculate our doped SP model. We assume that the exchange coupling 
J — Jimp = ' / ( I + A) at impurity sites. We find that our model is soluble 
under some circumstance. The induction of AF-LRO depends on |A|. A |A| 
large enough can result in AF-LRO. A small |A| does not induce any AF order, 
and the magnetic staggering remains at the SP state. In all solutions there 
is a sudden change in dimerization ( including the magnitude and direction, 
depends on |A| ) at the impurity sites. We claim that our results qualitatively 
agree with the experimental results for large |A|. 
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Given a Hamiltonian 





Hs = Hso + Hs-ph (A.3) 
with 
Hso = ^ Eka\ak (A.4) 
k 
and 
Hs-ph = ^ Y J 、 、 ( A . 5 ) 
k,q 
Note that cj》。）is the phonon frequency in the abscncc of H^-ph The random-




Then the renormalized phonon frequency under the effect of Hs-ph becomes 
< = ( < 〒 + ng (A.7) 
We start by assuming that ak+qa“t) = i.e. a^+.ak is har-
monic oscillating wi th frequency Lj(k, q). Then consider the time derivative of 
ak+qak(T) in the system described by H: 
= [flfc+gflfc ⑴，H] (A.8) 
The left hand side is simply uiak+qak and the right hand side is given by 




- -g(k + q, Qq, (A.IO) 
+ q, -Q){nk+q — nk)Q-q 
The last step of Eq.(A.lO) is resulted by replacing the operator ala/,' by its 
thermal average {alak') = Vk,k'nk. This is why this method called random-
phase approximation. 
Note that in order to have to be Hermitian, we have to wi th g{k, q)* 二 
+ g, -q). Putt ing the results of Eq.(A.9) and (A.IO) into Eq.(A.8) we get 
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So we may assume that al^^ak and Q士^ vibrate wi th the same frequency 
� q = Cjq. 
Put the result of Eq . (A . l l ) back to Eq.(A.5) and make comparison with 
(A.6), we immediately see that 
q “ ） rnN々 Ek+q-Ek + Uq (八.1々 
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